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ORDERING AND ASYMPTOTIC PROPERTIES OF
RESIDUAL INCOME DISTRIBUTIONS

By F. BELZUNCE
J. CANDEL
and
J.M. RUIZ
University of Murcia, Spain

SUMMARY. In this paper we study the connection between new classes of distributions
and the study of poverty and affluence of income distributions. Further it is shown that
for these classes the upper and lower tails can be fitted by the Pareto and power models of

- distributions. We conclude with the estimatior of incciuality in the power model.

1. Introduction

The study of poverty and affluence may be based on the concept of residual
incomes. Given a continuous, non negative random variable X, which repre-
sents the income of a society or community, with distribution function Fx(z),
a poverty line w and an affluence line #, where 0< w < # < +oc are considered;
such that Fy(w) represents the proportion of the poor and 1 — Fx (#) represents
the proportion of the rich. The affluence and poverty are then quantified in
terms of the proportion of the rich and poor people and their income inequality
(see Sen {1976), Takayama (1979) and Sen (1986), (1988)). The Gini coefficient
is a measure that has been most widely used in the study of income inequality
and is defined as twice the area between the Lorenz curve and the ‘egalitarian
line’ z = y, where the Lorenz curve is defined by (Kakwani (1980))

_ I Fxl(t)at

Lx(p) = BIX] , pe0,1).
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The income distribution of the poor for a poverty line w, is the right truncated
income distribution at w,

Xr(w) ={X|X <w};
and its distribution function is given by

Fyx(z

<
Fx, (w)(z) = { F"‘l“’ T

z>w

The income gap ratio of the poor people is defined as

flw) = 1~ ZZ0), | ()

and the Gini coefficient of the income distribution among the poor is defined as

1
6w =1-2 [ Ly (o e

where Lx, (.)(p), is the Lorenz curve for the poor.
In the literature several poverty indices have been considered, based on
Fx(w), B(w) and G(w) (see Sen (1976), Takayama (1979) and Sen (1986)).
For the income distribution of the affluent people we get the left truncated
distribution at 8, X;(f) = { X| X > 6}, with distribution function given by
0 z<@

Fx.(a)(z)-f{ Ex(s)oPx(0) ;>4 -
Bl Pl 2>

As a measure of the income gap ratio among the rich we consider (Sen (1988))
B'(8) = 1-8E [Xi(6)]"; ..(3)

while as a measure of inequality among the rich people we consider the harmonic
Gini coefficient, defined by (Sen (1988))

1

cO=1-2[ Lygtld. @

In a similar way, several affluence indices are defined in terms of 1-Fx (6), 8*(6)
and G*(6) (see Sen (1988)}). '
Bhattacharjee and Krishnaji (1981) and Bhattacharjee (1988) introduced the

indices
: lim E[X;(8)] -6
I], — f—poo
E[X]
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e E1X,(0)

=, E o
to measure inequality in the context of distribution of landholding. Their point
of departure is the consideration of gamma and log-gamma models for the dis-
tribution of landholding, which belong to some classes of distributions that are
well known in the context of lifetime distributions and reliability studies. Fur-
ther indices are considered by Bhattacharjee (1993). The relationship between
some notions which are common to reliability theory and economics have re-
ceived attention in the literature. Singh and Maddala (1976) proposed a new
model of income distribution based on the concept of proportionate failure rate.
Chandra and Singpurwalla (1981) show the relationships between the Lorenz
curve and the Gini index and some concepts of reliability theory such as the
total time on test transform and the mean residual life. Further results are
- given by Klesfjo (1984), Kochar {1989) and Pham and Turkkan (1994) for the
reliability interpretations of some concepts from economics. In the context of
reliability the concept of ageing plays a central role. One of the most important
approaches to the study of ageing is based on the concept of additional residual
life at time t. Some classes of distributions which reflect the ageing of a lifetime
unit, are given in terms of this random variable (Bryson and Siddiqui (1969)
and Barlow and Proschan (1975)). In the next section we consider the left and
right proportional residual incomes, 4n terms of which we define some classes of
distributions and show the connection between these classes and the measures
previously mentioned. In Section 3 we study the asymptotic behavior of the
proportional residual incomes for high and low levels. In particular we see that
for upper and lower tails of the residual income we can fit the Pareto and the
power distribution respectively. This last fact has lead us in Section 4, to study
the estimation of the Lorenz curve and the Gini index in the power model. The
study of estimation of inequality in the Pareto model has been considered by
Moothathu ((1985a) and (1990)).

9. Left and Right Residual Incomes

Given a non negative random variable which represents the lifetime of a unit
or a system; the additional residual life at time ¢ is defined as X;(t) —t. The
comparison at different times, in some statistical sense, of the additional residual
life leads to the definition of some well known classes of distributions (IFR, DFR,
DMRL, IMRL, etc.). In a similar way we can consider the random variable

X (6
xp (o) = 20,
6
and in the context of income distribution it represents the proportional income
to 8, for incomes greater than #. We will call this the left proportional residual
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income at level 8. As in the case of the additional residual life we can consider
the following class.

DEFINITION 1. A non negative random variable X, is said to be IPFR
(increasing proportional failure rate) if X;"(6) >gs1 X['(6'), for every < ¢'. .

The order relation >gr between two income distributions is defined as in
Marshall and Olkin (1979), viz.,

X >stY < 1- Fx(z) > 1— Fy(z), for every z,
and is characterized as |
X >s1Y = E[$(X)] 2 Ep(Y)], ...(6)

for every increasing function ¢. The previous ordering provides the following
interpretation of the IPFR class. The variable X is IPFR if the probability
to obtain an income greater than z, proportional to the affluence line #, is
decreasing in @. If the random variable X has a probability density function fx,
then the IPFR class can be characterized easily in terms of the proportional
failure rate, zrx(z), where rx(z) = fx(z)/(1 — Fx(z)) is known as the failure
rate (Barlow and Proschan (1975));

X is [PFR <= zrx(z), is increasing in .

The proportional failure rate has been used to describe the income distribu-
tion; in particular Singh and Maddala (1976) derived a model of income distri-
bution from an increasing and bounded proportional failure rate, given by

zrx(z} = azP(1 - Fx(2))?, a, B,7> 0.
Solving this equation the distribution function is given by
 Fx(z)=1-(1+4azb)~¢ 2> 0;

where a = a(y — 1}/(B8+1) >0, b-—ﬁ+1>0andc-1/( ~ 1)>0.
We can also define a new class in terms of the mean left proportional residual
income (MLPRI), viz.,

exy(0) = B 0] = B |

X>9].

DEFINITION 2. Let X be a non négatlve random variable. X is said to
be DMLPRI (decreasing mean proportional residual mcome) if E[X]'(8)] is de-

creasing in 6.
By definitions 1 and 2, and (6) it is clear that

IPFR —> DMLPRL
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As we can see, the index I» given in (5) can be written in terms of the MLPRI

as

i = i ex )

Bhattacharjee and Krishnaji (1981} and Bhattacharjee (1993) study condi-
tions for the existence and values of I;. In terms of the previous classes we next
give the following results for the measure L.

PRrROPOSITION 3. Let X be a non negative random variable, with densily

~ function and finite mean, then
a) If X is IPFR or DMLPRI then 1 < I < 400.
b) If X is IPFR or DMLPRI then 1 < Iz < co if and only if 1 <x£1»1-11-1

zrx(z) < +o0.

Proor a) If X is IPFR or X is DMLPRI then we get that the MLPRI is a
decreasing function and bounded below, therefore the limit ) IiEl exy (6) exists
—400

and is finite.
b) We get that {lemma 3.1, Bhattacharjee and Krishnaji (1981))

zrx(z)
Iz _z'-l-}g-‘loo erx(z) ~1’

and the result follows easily.

The previous classes are related to a decreasing ordering in inequality of the
left residual incomes. The comparison of inequality at different levels of afftuence
is based on the following partial orderings of distributions.

In the context of income distributions some orderings have been defined to
compare the concentration and the inequality between income distributions. It
is said that the random variable Y is greater than X in the star shaped ordering
(X <. Y) if (Arnold (1987)) -

Fy'(p)
Fx'(p)
where Fx'(p) = inf {z : Fx(z) > p}.
Also the Lorenz curve has been used to compare the concentration between

income distributions. It is said that the random variable Y is greater than the
random variable X in the Lorenz sense (X < Y) if (Arnold (1987))

Lx(p) > Ly(p),¥p € [0, 1].

Taillie (1981) gives some characterizations of the Lorenz ordering. In partic-
ular we will use the following results:

is increasing in p € (0, 1). —..(7)

: X Y
X<LY4=>;;<3T2;; ..(8)

> Elp(X/px)] < E[p(Y/uy)], for every convex function ¢,
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where the ST?2 ordering is defined as (Rolski (1976))

400 +o0
X <gry Y & Fx(t)dt < f Fy(t)dt, for all z;
r

4

Fx(z) = 1 — Fx(z) being the survival function of X.
In terms of these orderings the previous classes are characterized, for an
absolutely continuous random variable, as follows

a) X is IPFR <= X;(6) >, Xi(¢), V6 < ¢,

and
b) X is DMLPRI < X;(6) >, Xi(0), Vo < €.

The results a) and b) have been given by Belzunce, Candel and Ruiz (1995)
and Ord, Patil and Taillie (1983) respectively. Therefore we get that an increas-
ing specification of the affluent line #, gives a decreasing inequality between the
rich people.

DEFINITION 4. Let X be a non negative random variable, then the right
residual income at level w, is defined as

xw={2

W

X'Sw}.

In terms of this random variable we define the following class of distributions.

DEFINITION 5. A non negative random variable X is said to be decreasing
reversed proportional failure rate (DRPFR) if X]/(w) is stochastically decreasing
in w,

For the absolute continuous case we can characterize the previous classes in
terms of the following function. -

DEFINITION 6. Let X be an é.bsolutely continuous, non negative random
variable, with distribution function Fx and density function fx. The reversed
proportional failure rate (RPFR) of X is defined to be the function

fx(z)
Fx(z)

The prévious function is the income elasticity of the cdf Fx(z). We obtain
now the following result. :

T

PRrOPOSITION 7. Let X be an absolute continuous, non negative random .
variable. Then X is DRPFR if and only if the reversed proportional failure rate
is decreasing .
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Proo¥. We can get the following chain of equivalences:

X is DRPFR <> B%FX;,(W,(.«:) >0, ¥0<z<1

= wr fx (wz) > wfx(w) Vw>0,V0<2<1;
Fx{wz) = Fx(w)' - -
so zfx(z)/Fx(z) is decreasing.
The reversed proportional failure rates have also been used, to derive a model
of income distribution. Dagum (1977) specifies a decreasing reversed propor-
tional failure rate, given by

fx(z) _

The solution of this equation is given by
Fx(z) = [1 + A:c""]_ﬂ, A>0;

and is known as the Dagum model type I. Dagum (1977) observes that the
empirical income distributions show systematically in both developed and de-
veloping countries, a decreasing income elasticity of the cdf Fx(z) as a function
of Fx(z); and hence of z. Therefore the empirical income distributions belong
to the class DRPFR.

Bhattacharjee and Krishnaji (1981) consider, the gamma and log-gamma
distributions to provide an approximation to the landholding data. The gamma
distribution has density function given by

ABph-1p=Az

==

where I'(8) is the gamma function. The proportional failure rate of the gamma
distribution is increasing for every A and f greater than 0, and thus belongs to
the class IPFR. However the gamma has the DFR property (decreasing failure
rate) for # < 1 and the IFR property (increasing failure rate) for 8 > 1. For
B = 1 we get the cxPonential distribution which has a constant failure rate.
The proportional reversed failure rate is a decreasing function so the gamma
distribution is DRPFR.
The log-gamma distribution has a density function given by

vPz¥(log(z/2q))P 1
fX(-T) — 0( VEE / 0))
S HT(E)
so that log(X/zo) has a gamma distribution with parameters (8,v). The pro-

portional failure rate for the log-gamma distribution is given by (Bhattacharjee
and Krishnaji (1981))

, 220, X8>0

s & 2 T, zO:ﬂ,V> 0:

r{log(z/z0)), & > zo;
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where r(z) is the failure rate of a gamma distribution with parameters (85, v).
From this relation, it follows that the log-gamma is IPFR for § > 1 and has
a decreasing proportional failure rate # < 1. For # = 1 we get the Pareto
distribution which has a constant proportional failure rate. Similar computations
give us that the log-gamma distribution is DRPFR for 8 < 1 and has a decreasing
reversed failure rate for z > zo exp(L-) :

DEFINITION 8. For a non negative random variable X, the mean nght pro-
portional residual income (MRPRI) is the function

exs () = E[X!(w)] = E [ﬂ X 5 w] |

By (1) we obtain the following relation between the income gap ratio and
the MRPRI

B(w) :1—8){:_:({.0). ..(9)
In terms of the MRPRI we define next the following class.

DEFINITION 9. A non negative random variable X is said to be decreasing
mean right proportional residual income (DMRPRI) if the mean right propor-
tional residual income is decreasing.

From (9), it is clear that

X is DMRPRI <= f(w) is increasing in w.
From the cha.ra.cterlzatlon of the stochastic ordering (6), we obtain the fol-

lowing result:

PropPoSITION 10. Let X be a non negative random variable then
X 1s DRPFR = X is DMRPRI.

As in the left truncation case, we can characterize the previous classes, in
terms of star shaped and Lorenz ordering of right residual incomes. We obtain
nezxt the following resull.

THEOREM 11. For a continuous, non negative random variable X
a) X is DRPFR <= X, (i) <. X, (j), Vi< J.
b) X is DMRPRI <= X, (i) <1 X,(j), ¥i < j.
. PROOF. a) “&= part ” |
Let us suppose that X, (i} <. X,(j), Vi < j; i.e.

Fy (J (Q) x,(.)(?)
Fy. (J)(P) B xr(, (p)’

, VO<p<g<], Vi<
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Observing that F ;,1, ) (p) = F,"Erl('.)(p) /1; we can write the previous relation
as

Ff'lf(,)( )F}?‘i_l'(.')(P) > Ff:.lf(f)(Q)FE;lr(j)(P);
and noting that ‘111}1 FX,,(,.)(q) = 1, we get from the last expression that
g—1- Tr

Ff;(;)(P) 2 F_;(‘;(j)(p):

and hence X is DRPFR.
cc=> pa.rt”
If we denote by xP(i) = Fy (,)(p) then we have that

Fx (27(3)) = pFx (3).

Therefore taking z2(i)/zi(:), =£(5)/z3(5) > 1 and z{j) > z¥(i); we can
obtain the following equality

S IONCAOTEH OV g = Fxya) (5 (4)/210));
and by the stochastic monotonicity of X' (a), we get that

Fxuza(iyy(zh(d)/23(i}) > Fxn g3y (eR(9)/22(7));

so that
=P (i)/=2(3) > =F(4) /=3 (4).
b) We will use the characterization given in (8) of the Lorenz ordering in
terms of the ST2 ordering '
“¢= part”
If we denote by H(z, ) = f Fx, (i), E[x.()}(t)dt; then by deﬁnltlon we get

that
: H(z,i) < H(z,j), Yz, Vi< j.

The function H{z,1) is a differentiable, decreasing and convex function, with

8H(z,i

B = —1, with the following properties

=0
i) H{z,f)=1—-z, Y2 <0
i) H{z, i) >1—2z, V2 >0

and

iii) H(z,i) =0, Yz > i/E[X.(i)].
Let us suppose that the result does not hold, so that there exists i < 7, with

)

J
EX.()] ~ EXG]
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Let us take j/E [X,(j)] < z < i/E[X,(3)], we get by i) that
0< H(z,i) < H(z,j}=0;

which is a contradiction, therefore X is DMRPRI.

“=> part”

Let us suppose that X is DMRPRI, i.e.

] < ]
B S EXG)

f 2 > /EX () 2 i/EIX:(3) or §/B[X: (3] > & > i/E[X:(3)], then
it follows easily that H(z,i} < H(z,j). Let us suppose that j/E[X.(j)] >
i/E[X,(i)] >z, then we get

EX (zE[X, ()] | EX(zE[X (]

, Vi< g

E[X-()] T =BG
and this condition is equivalent to
H(z,q) - (1 - 2) is increasing in
H(z:.?)_(l_z) | ,

for r < m, therefore

H(z,))~(1-2) H(/B[X(3),i) - 1 -/E[X ()
H(z,j)— (1 —2) = HG/E[X.()],4) — (1-i/E[X:(i)))

so H(z,i) < H(z,j). ]

REMARK. The result a} of this theorem generalizes the theorem 12 given by
Belzunce, Candel and Ruiz (1995) for the absolutely continuous case.

Noting that for the power distribution model (p(a,8)), with distribution
function given by

<l

Fp(a:,a,ﬁ)zP[p(a,ﬁ)gm]z(%) , 0<z< B, a>0; ...{10)
the RPFR and the MRPRI are constant we get the following corollary from the

previous theorem:

COROLLARY 12. Let X be a continuous, non negative random variable. The
following conditions are equivalent:

a) X follows the power distribution model.

b) X (8) =« X, (j), Vi< J.

c) X-(iy =1 X, (j), Vi < J.
The equivalence between a) and c) was given by Moothathu (1986).
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From the previous result we get the following observations. We have ob-
served before that the empirical income distributions belong to the DRPFR
class. Hence the right residual incomes presents a decreasing concentration for a
decreasing poverty line, and thus the specification of the poverty line is directly
related to the inequality among the poor people. By the proposition 10 and (9)
we get that the income gap ratio is increasing in w, and by b) of the previous
theoremn this implies that all the measures of inequality that preserve the Lorenz
ordering, are also increasing in the poverty line. For applications to the mono-
tonicity of left and right truncated measures of inequality see Belzunce, Candel
and Ruiz (1995). .

When the affluence is studied, similar results are obtained by observing that
for Y = 1/X then _ '

' X is IPFR <= Y is DRPFR,;
E[Y.(¢

and

i
G*0)=1- 2/; Ly, o1 (p)dp;

where 6/ = 1/86.
3. Asymptotic Behaviour of Residual Incomes

For income distributions, empirical evidence shows that the Pareto distribu-
tion is the model for high income groups (Mandelbrot (1960)). In this section we
study the previous property in the classes considered in section 2. We observe
that in the classes IPFR and DMLPRI, the left residual incomes X;(f), behave
like the Pareto distribution, for high values of . The distribution function of
the Pareto distribution (P(a, §)}, is given by

Fp(z,a,8) =1~ (-f—:) ;220>0, a>0.

Clearly X;(6) behaves like P(a, #) if X{'(6) behaves like P(a,1).

 DEFINITION 13. Let X be a continuous, non negative random variable, with
distribution Fx. Fx is said to belong to the domain of attraction of left residual
incomes of the Pareto distribution (Fx € Dprr(Fa)), if

lim Fx:r(g)(z) = Fp(z,q,1).

#4400

From this definition it follows that asymptotically the left proportional resid-
ual incomes behave like the Pareto, P(a,1). The previous property has been
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characterized by Balkema and de Haan (1974) as

Fx € DLgpi(Pqy) <> E [Xf] and . lirf E [(X;’)f] exist and are finite,
——4cQ
for0<{<o.

(1)

We next define the following more general class than the IPFR distribution.

DEFINITION 14. A non negative random variable X is said to be AIPFR
(asymptotically increasing proportional failure rate} if there exists a fp such
that

X{'(8) >s7 X{'(0'), V&' > 0 > 0.
We then have the following.

THEOREM 15. Let X be a continuous, non negative random variable, such
that & [Xf] is finite with € > 0, then given a > & we have

X is AIPFR=> Fx € Dppi(Fs).

ProoF. Firstly, if X is AIPFR we get that there exists an wp, such that for
every &' > 8 > 6y, X!'(8) >s7 X['(6'). By (6) it follows that for every increasing
function ¢,

Ep(X{"(0))] > E [p(Xi'(¢'))]-

So E[p(X!'(6))] is a decreasing and bounded below function of #. Therefore
if E[p(X}'(8))] exists for ¢(z) = zf, then the limit 81i1_;{1 Elp(X]'(8))] exits,
—++4c0

and the result follows by (11). The existence of E [p(X['(6))] is assured by the
existence of E [X¢] .

For the right residual incomes we state next similar results in terms of the
power distribution (10). |

In order to state the main theorem we need to give the following definitions.

DEFINITION 16. Let X be a continuous, non negative random variable, with
distribution Fy, then we say that Fx belongs to the domain of attraction of right
residual incomes of the power distribution function p{a,1) (Fx € Drrr(pa)) if

wlilgl_’_ Fxuw)(z) = Fp(z,a,1).

DEFINITION 17. A non negative random variable X is said to be initially
decreasing reversed proportional failure rate (IDRPFR) r.v. if there exists an
wg, such that

X! (w) >s7 X! ('), Yw < w' <wp.

We state next the following theorem.
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THEOREM 18. Let X be a continuous, non negative random vanable such
that E[X E] emsts with € > 0, then given a> &, we have

X s IDRPFR— Fx € DRR;(pa)).

Proo¥r. The proof follows by considering Y = 1/X and applying the theorem

15.
"~ Among the models which provide a better fit to the whole income distribu-
tion, there are the Singh-Maddala model and the Dagum Model Type I (Dagum
(1980) and (1983)). As we have seen the Singh-Maddala and the Dagum model
type I are IPFR and DRPFR respectively. Also, it is easy to see that the Singh-
Maddala is DRPFR and the Dagum model Type I is IPFR. By the previous
theorems we only need to ensure the existence of moments for these models to
see that thus belong to Dy gr(Py) and Drgrr{p,). For the Singh-Maddala model
the moments E[{X¢] exist for &£ < bc and E[X~¢] exists for £ < b. Also, for the
Dagum model Type 1, E[X¢] exist for £ < § and E[X~¢] exists for £ < 85. We
consider now the models fitted to the U.S. family income distribution of 1978
(Dagum (1983)). For the Singh-Maddala model the estimated parameters are
a = 0.02511, 6 = 1.6945 and ¢ = 10.973. For the Dagum mode] Type I, the
parameters are 6 = 3.168216, # = 0.40269 and A = 35.1774. We can see in fig
1, how the right proportional residual incomes of the Singh-Maddala model ap-
proximate to the power distribution with 4y = b = 1.6945, for decreasing values
of w. In fig. 2 we observe the same behaviour in this case for vy = 6 = 1.4570,
for the Dagum model Type .

0.2 0.4 0.6 0.8 1

Figure 1. Covergence to the power model p(1.6945, 1), for right proportional
residual incomes of the Singh-Maddala model
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0.2 0.4 0.6 0.8 1

Figure 2. Covergence to the power model p(1.4570,1), for right proportional
residual incomes of the Dagum Model Type 1

4. Estimation of Inequality in the Power Model

As we have seen in the previous section, for low values the right residual
income follows, asymptotically, the power distribution. Therefore in the study
of poverty it is interesting to consider the estimation of the Lorenz curve and the
Gini index for this model. Iyengar (1960) shows that the maximum likelihood
estimator of the Gini index for the normal-logarithmic model is asymptotically
normal and Moothathu {(1985a}, (1985b)) obtains the distribution of the maxi-
mum likelihood estimators of the Lorenz curve and the Gini index of the Pareto
and exponential distribution, respectively. He also obtains uniformly minimum
variance unbiased estimators which are strongly consistent and asymptotically
normal, for the lognormal distribution (Moothathu (1989)) and the Pareto dis-
tribution (Moothathu (1990)). In this section we derive the maximum likehihood
estimators of the Lorenz curve and the Gini index and obtain the exact distri-
bution and asymptotic properties.

For the power distribution model p(e, 8), the Lorenz curve is given by

Lx(p) =p'*=, | ...(12)

and the Gini index by
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If we consider a random sample of size n, (X, X3, ..., X»), it is easy to see
that the MLE of the parameter § = (a, #) is given by 8 = (&, ), where
n

& = =m , B=Xpmy,
Yoro1 (I X; 410 Xny) (n)

where Xy = max(X1, Xz,..., Xn).
The random variable Y; = —In X; has the following pdf

g9y =a e'“(y_lnﬁ), Ing <y < 4oo,

and thus follows an exponential distribution. Noting that In X(,) = —Y{;), where
Y1) = min(Y1, Ys, ..., Y.}, the MLE of & can be rewritten in terms of the random
sample (Y1, Y, ..., Yy;) as follows

N n
& = =5 .
Ej:l(}/j - Y'(l))
If we denote by
1 n
5= n Z(YJ _Y(l))r
j=1

applying the Zehna’s theorem, the MLEs of

1
14 2o

Al(a)zé and Ao(a) =

are gi_ven, respectively, by

S

11=S a.nd. izzm

.. (14)

In order to obtain the exact distribution of the MLE of the Lorenz curve
for a fixed p, we need to obtain the distribution of A;. We will make use of
‘the following result of Sukhatme (1937) who showed that the random variable
Z = nalS follows the gamma distribution (1, n — 1), with pdf

-
k — n-2 -z )
(2) Tn 1) 2T eTE 2> 0

Therefore the pdf h;(s), of S is given by

(na)—1!

n—2  —nas
——I‘(n—l)s e , §> 0,

h]_(s) =

which shows that }; follows a gamma distribution y(na,n - 1).
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From (14) it follows that

P 2na):\2,
1-Xy
and so Ay has pdf
n-1 n—2 .
hott) = SRV T wm g g

T(n-1) 1-t7

Further, for r > 0, ,
I(n4+r-1) .
(na)" T(n—1)

E(\) =
| and

3 (2”'0) [ -2 -
E Ar _ n4r r 2nat )

If we consider the confluent hypergeometric function U(a, b, ), which is given
by (Abramowitz and Stegun (1968))

+oo
U{a,b,c) = 1)f o1 (14 t)bat e~ dt,
0

@)
we get

(2na)*~T(n+r—1)
I'(n—1)

For the asymptotic properties of the previous estimators we observe first that
-5 can be expressed as

E'()\ )= U(n+r—1,n,2na).

n n-—1
where the T}, are iid exponential with mean 1/a. By applying SLLN to § we
~ get that § =73 1/c, and thus we get that

23S and A 23 A,

We get also that

FET( 55

A

converges in distribution to the standard normal distribution. This random
variable can be expressed as

V"“l( ,\1-—)\1) =Vn—1 5&—1 i1k
A1 n-1 A1 n—IAI
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and by Slutsky’s theorem we get that v/n ( 1/A1 — 1) converges in distri-

bution to the sta.ndard normal distribution. From the relations between Ag and
Az with Al and A; respectively, we get that

,\;(/T-T;Z,) (=)

converges in distribution to the standard normal distribution.
From (12) we get that the MLE of the Lorenz curve for a fixed p is given by

Lx(p) =p*t™, pe(0,1),
and from (13) the MLE of the Gini index is given by
é = ;\2.

By the results given previously we can get easily the properties of Lx (p) and
G.
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